In the paper we present a generalization to Hamiltonian flows on symplectic manifolds of the estimate proved by Ballmann and Wojtkovski in [4] for the dynamical entropy of the geodesic flow on a compact Riemannian manifold of nonpositive sectional curvature. Given such a Riemannian manifold M, Ballmann and Wojtkovski proved that the dynamical entropy hµ of the geodesic flow on M satisfies the following inequality:
• z (0). Analogously, we can apply the same procedure to construct the derivative element to J z (t) for t = 0, and hence we can define the derivative curve of the curve J z (t): t → J • z (t); moreover, we have that J
• z (t) = φ −t * J • φ t z (0). Since the Jacobi curve is regular, its derivative curve is smooth and lies in the Lagrange Grassmannian of T z M [1] . These two curves form a splitting (which is called canonical splitting) of T z M into two Lagrangian subspaces T z M = J z (t) ⊕ J • z (t). Let ∆ 0 and ∆ 1 be two transversal subspaces in the Grassmannian G n (T z M ), and ξ 0 and ξ 1 be two tangent vectors to G n (T z M ) respectively at the points ∆ 0 and ∆ 1 ; let γ i (t), for i = 0, 1, be two curves in G n (T z M ) such that γ i (0) = ∆ i and this operator depends only on ξ 0 and ξ 1 .
Definition 2
The operator R Jz (t) ∈ gl(J z (t)) defined as
is called the (generalized) curvature of the curve J z (t) at the time t.
If we choose local coordinates on the Jacobi curve and its derivative curve putting
x ∈ R n }, where S t and S • t are matrices of dimension n, the curvature is then R Jz (t) = (S
is called the curvature of the Hamiltonian vector field h at the point z ∈ M .
Let us call Σ z = ker(d z h)/span{ h(z)}, and let ψ z : T z M → T z M/span{ h(z)} be the canonical projection onto the factor space; the space Σ z inherits a symplectic structure given by the restriction of the form σ. Let us now set
is actually a curve in the Lagrange Grassmannian L(Σ z ). If this Jacobi curve is regular, then its curvature operator RJ z (t) is well defined onJ z (t).
Definition 4 The operatorR
is called the curvature operator of the h−reduction J h z at the time t.
As before, we define
is called the reduced curvature of the Hamiltonian vector field h at the point z ∈ M.
, and let us define the Jacobi curve J (p,q) (t) = φ −t * Λ φ t (p,q) ; Then we have that the curvature is given by R
• Let M be an n dimensional smooth manifold, and let h :
where R is the Riemann curvature tensor,z is a vector in T M obtained from z by the action of the metric tensor, and X is identified with a linear form of T *
• Let M as in the previous example, and let the Hamiltonian function h be the sum of the Hamiltonian function of previous example and the function
codimension one submanifold of M , and we require this submanifold to be compact; moreover, we ask the Hamiltonian function to satisfy a regularity condition we will specify later. Let us now consider the flow generated by the Hamiltonian vector field h(z), and let us notice that it preserves the level sets of the Hamiltonian, i.e. h(φ t z) = h(z) ∀ t; we are interested in computing the dynamical entropy h µ (φ), where µ is the (normalized) Liouville measure restricted to the submanifold N ; it is defined as dµ = 1 N σ ∧ · · · ∧ σ ∧ ι X σ, where σ is multiplied by itself n − 1 times, ι X σ = σ(X, ·), X is a vector field on a neighborhood of N such that dh, X = 1 and N = N σ ∧ · · · ∧ σ ∧ ι X σ; it can be proved that this definition does not depend on the particular choice of such a vector field.
In order to compute the dynamical entropy, we are going to use Pesin Theorem [5] , which states that the entropy is equal to the integral of the sum of positive Lyapunov exponents, taken with their multiplicities, and hence we shall compute the exponents of the Hamiltonian flow. Let us recall that the Lyapunov exponent in the point z ∈ N along the direction X ∈ T z N is defined as
where · is a scalar product defined on T z N and, since N is compact, this definition does not depend on the choice of the norm. The symplectic form restricted to N has a one dimensional kernel given by the span of the Hamiltonian vector associated to h : indeed
where Σ z = T z N/span{ h(z)} is a 2n − 2 dimensional vector space and the restrictionσ = σ| Σz induces a symplectic structure on Σ z . Since span{ h} is preserved by the action of its flow, i.e. φ t * h(z) = h(φ t z), we can take the quotient and study the exponential divergence of the trajectories along directions given by vectors lying in Σ z , so we will consider the mapφ t * : Σ z → Σ φ t z , wherẽ φ t * = φ t * | Σz . Now we can state the result: Theorem 1 Let N be a compact regular level set of a smooth Hamiltonian function defined on a smooth symplectic manifold on dimension 2n; let Λ be a Lagrangian distribution in T N/span{ h} and let the Hamiltonian vector field h be monotone on N w.r.t. Λ. Consider the Jacobi curveJ z (t) =φ 
Now it is possible to define a scalar product on the whole Σ z : for any X, Y ∈ Σ z , we set
by definition,J
• z (0) is orthogonal toJ z (0) with respect to the scalar product just defined.
Since the space Σ z has a symplectic structure and for any t the pair (J z (t),J
• z (t)) forms a splitting of Lagrangian subspaces, given a basis {ǫ 1 , . . . , ǫ n−1 } ofJ z (0) there is a unique way to choose a basis {e
is a Darboux basis for Σ z , and it is called the canonical moving frame [1] . Moreover, as shown in [1] , the vectorsë i z (t) lie inJ z (t) for any i = 1, . . . , n − 1, and
where R z (t) is the representation of the curvatureR h z w.r.t. the basis {e
, and it is symmetric.
Let us define, for any z ∈ N, the basis ε 1 (z), . . . , ε 2n−2 (z) of Σ z by putting
. . , n − 1; this basis is indeed orthonormal for any z. Consider a vector X ∈ Σ z :
((η i (t), ξ i (t)) are the components of the vector w.r.t. the canonical moving frame, and obviously (η(0), ξ(0)) = (x 1 , . . . , x 2n−2 )). By computations we can prove that the pair (η(t), ξ(t)) satisfies the differential first-order system
and hence the vector ξ(t) satisfies the second order differential equation
Since the canonical moving frame is defined such that e i φ t z (0) =φ
and it means that the components ofφ t * X w.r.t. the basis {ε i (φ
of Σ φ t z are the same as the components of X w.r.t. the canonical moving frame at time t. Since the basis {ε i (z)} i is orthonormal for any z, we find that πJ φ t zJ
• φ t zφ t * X = |ξ(t)| and πJ• φ t zJ φ t zφ t * X = |ξ(t)|. Now we shall compute the Lyapunov exponents on N ; by Multiplicative Ergodic Theorem [5] we know that the limit (2) exists a.e. (w.r.t. the standard Liouville measure normalized on N ) in N. Hence we can define the following subspaces of Σ z :
, where χ(z) is the sum of the positive Lyapunov exponents in z, taken with their multiplicities.
Knowing this, we are now looking for such a subspace E z ; we'll see that a good candidate will be the graph of a proper linear operator, that we will call U z , defined fromJ • z (0) toJ z (0) . Let us now introduce for any z ∈ N the subset H(z) of Σ z such that
clearly H(z) is intrinsically defined and it is invariant along the trajectory φ t z. In the following, for simplicity we will denoteJ φ t z (0) by v(t) andJ
Lemma 1 H(z) is a subspace of Σ z .
Proof From the convexity of π v(t)v • (t)φ t * X 2 (5) we deduce that a vector X ∈ Σ z belongs to H(z) if and only if π v(t)v • (t)φ t * X is bounded for negative times. Linear combinations of vectors having this property satisfy this requirement. 
Lemma 3 H(z) is a Lagrangian subspace.
Remark The estimate is sharp (i.e. we have the equality) if and only if V 0 φ t z = −R 0 z (t) for almost all z ∈ N, which implies that V 2 φ t z = −R z (t) almost everywhere on N , and hence, by continuity, for every z ∈ N ; this means thatV φ t z = 0 on N , i.e. all Jacobi curves are symmetric [1] .
